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Abstract
In this paper, we consider the asymptotic behavior of traveling wave solutions of the
degenerate nonlinear parabolic equation: ut = u
p(uxx+u)−δu (δ = 0 or 1) for ξ ≡ x−ct→ −∞
with c > 0. We give a refined one of them, which was not obtain in the preceding work [5], by
an appropriate asymptotic study and properties of the Lambert W function.
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behavior, The Lambert W function
1 Introduction
In this paper, we consider the degenerate nonlinear parabolic equation
ut = u
p(uxx + u)− δu, t > 0, x ∈ R, (1.1)
where δ = 0 or 1, p ∈ 2N.
When δ = 0, this equation arises in the modeling of heat combustion, solar flares in astrophysics,
plane curve evolution problems and the resistive diffusion of a force-free magnetic field in a plasma
confined between two walls (see [1, 7, 8, 10] and references therein). Also, there are many studies
on blow-up solution to (1.1) (for instance, see [1, 10] and references therein).
On the other hand, the equation (1.1) with δ = 1 can be obtained by transforming solution of
(1.1) with δ = 0 (see [10]). In [10], the traveling wave solutions of (1.1) play important roles. More
precisely, the lower bound of the blow-up rate is obtained by means of the traveling wave solutions
of (1.1) under either the Dirichlet boundary condition or the periodic boundary condition in the
case that δ = 1 and x is restricted to x ∈ (−L,L).
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In addition, the traveling wave solutions are not only upper (or lower) solutions as discussed
in [10] but also the entire solutions of the equation. These facts motivate us to study detailed
information of the traveling wave solutions to (1.1).
In order to consider the traveling waves of (1.1), we introduce the following change of variables:
u(t, x) = φ(ξ), ξ = x− ct, c > 0.
The equation of φ(ξ) solving (1.1) is then reduced to
− cφ′ = φpφ′′ + φp+1 − δφ, ξ ∈ R, ′ = d
dξ
,
equivalently {
φ′ = ψ,
ψ′ = −cφ−pψ − φ+ δφ−p+1, (1.2)
where δ = 0 or 1.
In [5], a result on the whole dynamics on the phase space R2 including infinity generated by the
two-dimensional ordinary differential equation (ODE for short) (1.2) is obtained by applying the
dynamical system approach and the Poincare´ compactification (for instance, see [4] for the details
of the Poincare´ compactification). Further, connecting orbits on it are focused and several results
on the existence of (weak) traveling wave solutions are given. The following theorem is one of main
results obtained in [5].
Theorem 1.1 ([5], Theorem 3). Assume that p ∈ 2N and δ = 1. Then, for a given positive
constant c, the equation (1.1) has a family of traveling wave solutions (which correspond to a
family of the orbits of (1.2)). Each traveling wave solution u(t, x) = φ(ξ) satisfies the following.
•
 limξ→−∞φ(ξ) = 0, limξ→+∞φ(ξ) = 1,lim
ξ→−∞
φ′(ξ) = 0, lim
ξ→+∞
φ′(ξ) = 0.
• φ(ξ) > 0 holds for ξ ∈ R.
Figure 1 shows dynamics on the Poincare´ disk of (1.2) (see [4] for the definition of the Poincare´
disk). In addition, the asymptotic behavior of the traveling wave solutions (obtained in Theorem
1.1) for ξ → +∞ is also given in [5], while the asymptotic behavior as ξ → −∞ is not obtained
there.
In this paper, we give a refined asymptotic behavior of the traveling wave solutions, which
contributes to extraction of their characteristic nature. The main theorem of this paper is the
following.
Theorem 1.2. The asymptotic behavior of φ(ξ) obtained in Theorem 1.1 as ξ → −∞ is
φ(ξ) ∼
(
µc2
µ(c2 + 1)− e− pc ξ
) 1
p
, as ξ → −∞,
where µ < 0 is a constant that depends on the initial state φ0 = φ(0).
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During our proof of the theorem, we see that the Lambert W function plays a key role in
describing the asymptotic behavior. Evaluation of integrals including the Lambert W function is
necessary to obtain the asymptotic behavior in the present form. Our argument here is based on
an asymptotic study of solutions in the different form from that provided in e.g. [5, 9], which can
be applied to asymptotic analysis towards further applications in various phenomena including
their numerical calculations.
2 Preliminaries
In this section, we partially reproduce calculations in [5] for the readers’ convenience.
First, we study the dynamics near bounded equilibria of (1.2). If δ = 1 and p is even, then (1.2)
has the equilibria ±Eδ : (φ, ψ) = (±1, 0). Let J1 be the Jacobian matrix of the vector field (1.2)
at Eδ. Then, the behavior of the solution around Eδ is different by the sign of D = c
2 − 4p. For
instance, the matrix J1 has the real distinct eigenvalues if D > 0 and other cases can be concluded
similarly. In addition, if c > 0, then the real part of all eigenvalues of J1 are negative. Therefore,
we determine that the the equilibria ±Eδ : (φ, ψ) = (±1, 0) are sink.
Second, in order to study the dynamics of (1.2) on the Poincare´ disk, we desingularize it by
the time-scale desingularization
ds/dξ = {φ(ξ)}−p for p ∈ 2N. (2.1)
Since p is assumed to be even, the direction of the time direction does not change via this desin-
gularization. Then we have{
φ′ = φpψ,
ψ′ = −cψ − φp+1 + δφ,
(
′ =
d
ds
)
, (2.2)
where δ = 0 or δ = 1.
It should be noted that the time-scale desingularization (2.1) is simply the multiplication of φp
to the vector field. Then, except the singularity {φ = 0}, the solution curves of the system (vector
field) remain the same but are parameterized differently (see also Section 7.7 of [6]).
The system (2.2) has the equilibrium EO : (φ, ψ) = (0, 0). When δ = 1, the Jacobian matrix of
the vector field (2.2) at EO is
EO :
(
0 0
1 −c
)
.
It has the real distinct eigenvalues 0 and −c. The eigenvectors corresponding to each eigenvalue
are
v1 =
(
c
1
)
, v2 =
(
0
1
)
.
We set a matrix T as T = (v1,v2). Then we obtain(
φ′
ψ′
)
=
(
0 0
1 −c
)(
φ
ψ
)
+
(
φpψ
−φp+1
)
= T
(
0 0
0 −c
)
T−1
(
φ
ψ
)
+
(
φpψ
−φp+1
)
.
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Let
(
φ˜
ψ˜
)
= T−1
(
φ
ψ
)
. We then obtain the following system:
{
φ˜′ = cp−1φ˜p+1 + cp−1φ˜pψ˜,
ψ˜′ = −cψ˜ − cp−1φ˜p+1 − cp−1φ˜pψ˜ − cp+1φ˜p+1. (2.3)
The center manifold theory (e.g. [2]) is applicable to study the dynamics of (2.3). It implies that
there exists a function h(φ) satisfying
h(0) =
dh
dφ˜
(0) = 0
such that the center manifold of EO for (2.3) is locally represented as {(φ˜, ψ˜) | ψ˜(s) = h(φ˜(s))}.
Differentiating it with respect to s, we have
−ch(φ˜)− cp−1φ˜p+1 − cp−1φ˜ph(φ˜)− cp+1φ˜p+1
=
dh
dφ˜
(
cp−1φ˜p+1 + cp−1φ˜ph(φ˜)
)
.
Then we obtain the approximation of the (graph of) center manifold as follows:{
(φ˜, ψ˜) | ψ˜ = −cp−2(c2 + 1)φ˜(s)p+1 +O(φ˜p+2)
}
. (2.4)
Therefore, the dynamics of (2.3) near EO is topologically equivalent to the dynamics of the following
equation:
φ˜′(s) = cp−1φ˜p+1 − c2p−3(c2 + 1)φ˜2p+1.
We conclude that the approximation of the (graph of) center manifold are
φ′(s) = φp+1/c− [(c2 + 1)φ2p+1]/c3 (2.5)
and the dynamics of (2.2) near EO is topologically equivalent to the dynamics of the following
equation:
ψ(s) = φ/c− [(c2 + 1)φp+1]/c3.
Finally, we obtain the dynamics on the Poincare´ disk in the case that p is even (see Figure1).
This argument indicates that the asymptotic behavior of φ through the present system is calculated
as a function of s and that an additional asymptotic study is required to obtain the behavior of φ
in terms of the original frame coordinate ξ.
Remark 2.1 ([5], Remark 1). In Figure 1, we need to be careful about the handling of the point
EO. When we consider the parameter s on the disk, EO is the equilibrium of (2.2). However, EO
is a point on the line {φ = 0} with singularity about the parameter ξ. We see that dφ/dψ takes
the same values on the vector fields defined by (2.2) and (1.2) except the singularity {φ = 0}. If
the trajectories start the equilibrium EO about the parameter s, then they start from the point EO
about ξ.
4
 Figure 1: Schematic picture of the dynamics on the Poincare´ disk and corresponding traveling
wave solutions in the case that δ is δ = 1 and p is even with D = c2 − 4p < 0 and c > 0.
3 Proof of Theorem 1.2
The proof is divided into four steps. In Step I, we derive an ODE describing the behavior of s
with respect to ξ. It turns out to contain the Lambert W function. In Step II, we confirm that
ξ(s) → −∞ as s → −∞, which is used for the direct derivation of φ(ξ) in the asymptotic sense.
Step III is devoted to obtain the relationship between φ and ξ. According to preceding studies such
as [5, 9], the asymptotic behavior of φ(ξ) can be obtained in the composite form φ(s(ξ)), which can
require multiple integrations of differential equations. Except special cases, lengthy calculations
are necessary towards an explicit and meaningful expression of the targeting asymptotics. Instead,
we directly derive the relationship of φ to ξ without solving the ODE obtained in Step (I) and cal-
culate the asymptotic behavior of the function ξ(φ) as φ→ 0 associated with the center manifold
(2.4), which works well even if integrands include the Lambert W function. We finally obtain the
asymptotic behavior of φ(ξ) in Step IV via inverse function arguments.
Remark 3.1. The Lambert W function y = W (x) is defined as the inverse function of x = yey.
We easily see the following properties which we shall use below:
• W (x) > 0 for x > 0;
• W (x) < log x for x > e.
See e.g. [3] and references therein for further properties.
Proof. (I): First we set
w(s) := φ(s)−p > 0.
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With the aid of (2.5), we have
w′(s) = −p/c+ [p(c2 + 1)/c3w] = A+Bw−1, (3.1)
where
A = −p/c < 0 and B = [p(c2 + 1)/c3] > 0.
The solution of (3.1) satisfies the following.
|1 +Aw/B| e−(ABw+1) = |A/B| e−A
2
B s−
A2C1+B
B
with a constant C1. Since the dynamics of φ(s) near 0 (i.e., φ(s) ≈ 0) is of our interest, we may
assume that w(s) is sufficiently large, which implies that [A/B]w + 1 < 0. Then we have
− (1 +Aw/B) e−(ABw+1) = −Ae−A
2
B s−
A2C1+B
B /B.
By using w = φ(s)−p and the Lambert W function, we obtain
φ(s) = [−B {W (E(s)) + 1} /A]− 1p ,
where E(s) = −[A/B]e−A2B s−A
2C1+B
B . We consequently have
ds
dξ
= φ−p = −B {W (E(s)) + 1} /A. (3.2)
(II): We shall prove
ξ(s)→ −∞ as s→ −∞.
We note that E(·) is positive on R and hence W (E(s)) > 0 holds for s ∈ R. Integrating (3.2) on
(−∞, 0], we have
ξ(0)− ξ− =
∫ 0
−∞
[−B {W (E(s)) + 1} /A]−1 ds,
where
ξ− = lim
s→−∞ ξ(s).
Without loss of generality, we may set ξ(0) = 0.
By using properties of the Lambert W function, for a negative constant s∗ satisfying |s∗|  1,
we have
−ξ− =
∫ 0
−∞
[−B {W (E(s)) + 1} /A]−1 ds
> −A
B
[∫ 0
s∗
{W (E(s)) + 1}−1 ds+
∫ s∗
−∞
{log(E(s)) + 1}−1ds
]
> −A
B
∫ s∗
−∞
[
log
(
−[A/B]e−A
2
B s−
A2C1+B
B
)
+ 1
]−1
ds
= −A
B
∫ s∗
−∞
[ log(−[A/B])− (A2s+A2C1 +B)/B + 1 ]−1ds
= − lim
s→−∞
A
B
[
(−B/A2) log |(−A2/B)s+ C2|
]s∗
s
,
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where
C2 = log(−A/B)− (A2C1 +B)/B + 1.
Since A < 0 < B holds, we have
−ξ− > (1/A) log{(−A2/B)s∗ + C2}
+ (−1/A) lim
s→−∞ log{(−A
2/B)s+ C2} = +∞.
Therefore the asymptotic behavior of φ(s) as s→ −∞ is equivalent to that of φ(ξ) as ξ → −∞.
(III): Next, we represent ξ as a function of φ. We rewrite (3.2) as
dξ
ds
= φp.
Using (2.5), we obtain
ξ + C3 =
∫
{φ(s)}pds =
∫
φp
ds
dφ
dφ
=
∫
φp
(
1
c
φp+1 − c
2 + 1
c3
φ2p+1
)−1
dφ
=
∫
c3
φ{c2 − (c2 + 1)φp}dφ
with a constant C3. Introducing ϕ = φ
p, we further have
ξ + C3 =
∫
c3
φ{c2 − (c2 + 1)φp}dφ
=
c3
p
∫
1
ϕ{c2 − (c2 + 1)ϕ}dϕ
=
c3
p
∫ {
1
c2
1
ϕ
+
(
1 +
1
c2
)
1
c2 − (c2 + 1)ϕ
}
dϕ
=
c
p
log
∣∣∣∣ ϕ(c2 + 1)ϕ− c2
∣∣∣∣
=
c
p
log
∣∣∣∣ φp(c2 + 1)φp − c2
∣∣∣∣ .
Then the constant C3 is given by
C3 =
c
p
log
∣∣∣∣ φp0(c2 + 1)φp0 − c2
∣∣∣∣ ,
where φ(0) = φ0. Moreover, it holds that C3 < 0 regardless of the value of c, provided φ0  1.
Indeed, it holds that
0 < φ0 <
(
c2/[c2 + 2]
) 1
p (0 < φ0  1).
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(IV): Finally, we aim to represent φ as a function of ξ. As mentioned above, we obtain
ξ +
c
p
log
∣∣∣∣ φp0(c2 + 1)φp0 − c2
∣∣∣∣ = cp log
∣∣∣∣ φp(c2 + 1)φp − c2
∣∣∣∣ .
This yields
φp
(c2 + 1)φp − c2 = ±
∣∣∣∣ φp0(c2 + 1)φp0 − c2
∣∣∣∣ e pc ξ.
Therefore, we have
φp =
µe
p
c ξc2
µe
p
c ξ(c2 + 1)− 1 , µ = ±
∣∣∣∣ φp0(c2 + 1)φp0 − c2
∣∣∣∣ .
If µ > 0, there exists a finite ξ such that µe
p
c ξ(c2 + 1)− 1 = 0 holds. However, as in Theorem
1.1, the traveling wave solutions φ(ξ) that correspond to the connecting orbits between EO and
Eδ have no singularities for ξ ∈ R. Therefore, µ must be negative. This yields
µe
p
c ξc2
µe
p
c ξ(c2 + 1)− 1 > 0 with µ = −
∣∣∣∣ φp0(c2 + 1)φp0 − c2
∣∣∣∣ .
Since p is even, we obtain the following.
φ(ξ) =
(
µc2
µ(c2 + 1)− e− pc ξ
) 1
p
→ 0, as ξ → −∞,
where µ < 0 is the constant that depends on the initial state φ0.
4 Conclusion
In this paper, we give a refined asymptotic behavior of the traveling wave solutions of (1.1) as
ξ → −∞. As shown in Step III of the proof, the present result is obtained by considering the
asymptotic behavior of ξ(φ) without taking the relationship between ξ and s into account. This
is a key idea to get over the difficulties of treatment of the Lambert W function to obtain the
asymptotic behavior for u(t, x) = φ(ξ). We expect that our approach can be applied to the
asymptotic behavior of typical solutions as well as that of singular solutions.
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